We prove that, under the Generalized Continuum Hypothesis, an infinite bounded involution lattice can have any number of (involution preserving lattice) congruences between 2 and its number of subsets, regardless of its number of ideals.
Excepting lattices of congruences, the operations and order relation of a (bounded) lattice will be denoted in the usual way, unless specified otherwise. For any ordered set (M, ≤), Max(M, ≤) will denote the set of the maximal elements of (M, ≤). Let L be a lattice or a bounded lattice. Then the dual of L will be denoted by L d . The sets of the filters, principal filters, prime filters, ideals, principal ideals and prime ideals of L will be denoted by Filt(L), PFilt(L), Spec Filt (L), Id(L), PId(L) and Spec Id (L), respectively. Recall that Spec Filt (L) = {L \ P | P ∈ Spec Id (L)} and that, if L is a chain, then Spec Filt (L) = Filt(L) \ {L} and Spec Id (L) = Id(L) \ {L}, so Filt(L) \ {L} = {L \ P | P ∈ Id(L) \ {L}}, in particular |Filt(L)| = |Id(L)|. For any X ⊆ L, [X) L will denote the filter of L generated by X. Cvx(L) will denote the set of the non-empty convex subsets of L. Recall that Con(L) ⊆ {ε ∈ Eq(L) | L/ε ⊆ Cvx(L)} and that, if L is a chain, then the converse inclusion holds, as well [7, 10, 11] . For any n ∈ N * , L n will denote the n-element chain. We will denote by (B(L), ≤) the bounded lattice obtained from a lattice (L, ≤ L ) by adding a new top and a new bottom element: for some elements 0 = 1, B(L) = L ∐ {0, 1} and ≤=≤ L ∪({(0, x), (x, 1) | x ∈ L ∐ {0, 1}} \ {(1, 0)}). Note that, in B(L), 0 is meet-irreducible and 1 is join-irreducible (0 is strictly meet-irreducible iff L has a bottom element, and dually for 1).
We now recall the definition of the horizontal sum of an arbitrary family of non-trivial bounded lattices, obtained by glueing those lattices at their bottom elements and at their top elements. Let I be a non-empty set and (L i , ≤ Li , 0 Li , 1 Li ) i∈I be a family of non-trivial bounded lattices. Then the horizontal sum of the family
, by identifying x with x/ε for all x ∈ L, thus obtaining 0 = 0 Li and 1 = 1 Li for all i ∈ I; now we set ≤= i∈I ≤ Li .
In particular, we denote by M |I| = ⊞ i∈I L 3 the modular lattice of length 3 and cardinality |I| + 2; clearly,
is a lattice with greatest element 1 L and (M, ≤ M ) is a lattice with smallest element 0 M , then the ordinal sum (also known as glued sum) of L with M is the lattice (L ⊕ M, ≤) defined by glueing these lattices at the top element of L and the bottom element of M : more precisely, we let ε = eq({{1
We can generalize the ordinal sum of bounded lattices to arbitrary families, similarly to the previous definition for an arbitrary horizontal sum. This generalization has been called special sum in [4] . Let (I, ≤ I ) be a non-empty chain, ≺ I the succession (cover) relation associated to ≤ I (for any i, j ∈ I, i ≺ I j means that j covers i in (I, ≤ I )), and (L i , ≤ Li , 0 Li , 1 Li ) i∈I a family of bounded lattices. Then the ordinal sum of the family (L i ) i∈I with respect to the order ≤ I is the lattice (⊕ i∈(I,≤ I ) L i , ≤) defined as follows: we denote by L = ∐ i∈I L i and by
In the particular case when ≤ I is a good order, each element i of I, excepting max(I, ≤ I ), if it exists, has a unique cover, that we will denote by i + ; in this case, if α i ∈ Eq(L i ) for all i ∈ I and m = min(I, ≤ I ), then we denote by
. Now let M be a bounded lattice and assume
Throughout this paper, we are situated under the Generalized Continuum We will denote by I and BI the variety of involution lattices and that of bounded involution lattices, respectively. An i-lattice with underlying set L and involution · ′ will often be designated by (L, · ′ ). Unless specified otherwise, the involution of an i-lattice will be denoted
, and, clearly, any self-dual lattice L becomes an i-lattice with the involution given by a dual lattice automorphism of L.
Let I be a non-empty set and (L i , · ′i ) i∈I be a family of non-trivial bi-lattices. Then the horizontal sum of this family is the bi-lattice (⊞ i∈I L i , · ′ ), whose underlying bounded lattice is the horizontal sum of the family of the bounded lattice reducts (L i ) i∈I and whose involution is defined by:
, from which the second part of the next remark easily follows.
Remark 3.2. [6, 11, 9, 12] Let A be a lattice with top element and B be a lattice with bottom element. Then: Therefore
We will often use the remarks in this paper without referencing them. Let us now generalize the first part of the previous remark. Lemma 3.3. Let (I, ≤ I ) be a well-ordered set and (L i ) i∈I a family of bounded lattices. Then
Proof. It is immediate that ⊕ i∈(I,≤ I ) α i ∈ Con(⊕ i∈(I,≤ I ) L i ) for any family (α i ) i∈I ∈ i∈I Con(L i ) and α = ⊕ i∈(I,≤ I ) (α ∩ L 
Since 0 is meet-irreducible and 1 is join-irreducible in B(M ), it is immediate that, for every θ ∈ Con(M ), we have eq(M/θ ∪ {{0}, {a}, {b}, {1}}) ∈ Con(L), and, if M is an i-lattice and θ ∈ Con I (M ), then eq(M/θ ∪ {{0}, {a}, {b}, {1}}) ∈ Con I (L); see also [11, 12] .
Let ζ ∈ Con(L). Since M ∈ S(L), we have ζ ∩ M 2 ∈ Con(M ), and, in the case when M ∈ I (so that L ∈ BI) and ζ ∈ Con I (L), since M ∈ S I (L), we have ζ∩M Proof. Let ν be an infinite cardinal number and κ be a cardinal number with 2 ≤ κ ≤ 2 ν . Let M ν,κ be as in Theorem 4.1 and let us consider the bounded lattice
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ν . Now let us apply the construction from [11, Example 5.6]: consider a set I with |I| = ν and let P ν = L I 2 , S ν be the following bounded sublattice of P ν :
Pν }, where 1
Pν is the greatest element of the bounded lattice P ν , and
. Since P ν is distributive, so is S ν , while H ν is clearly a bounded non-modular lattice, |S ν | = |{T ∈ P(I) | |T | < ℵ 0 }| + 1 = ν + 1 = ν and
As shown in [11, Example 5.6] , |Filt(S ν )| = ν = ν + 2 = |Filt(H ν )|, |Id(S ν )| = 2 ν = 2 ν + 2 = |Id(H ν )| and |Con(H ν )| = 2, while, for the bounded distributive lattice S ν , the existence of the canonical bounded lattice embedding of Id(S ν ) into Con(S ν ) shows that 2 
Lemma 4.3. [1, Lemma 3.1] Let I be an ideal of a lattice K such that the pair (K, I) fulfills condition g below: g for all (x n ) n∈N ⊆ K, if x n > x n+1 for all n ∈ N, then x n ∈ I for all but finitely many n ∈ N. Then, for all F ∈ Filt(K) \ PFilt(K), there exists a G ∈ Filt(I) such that F = [G) K .
Lemma 4.4. [1, Lemma 3.2] Let V be a variety of algebras of the same similarity type, ι an infinite limit ordinal, I = {µ | µ < ι}, and (A µ ) µ∈I a family of members of V that satisfies the conditions s V and c V below:
Furthermore, L ν,2 ν can be chosen to be a bi-chain, L ν,2 can be chosen to be modular and, simultaneously, when 2 ≤ κ ≤ ν, we can choose
, where I is a well-ordered set with |I| = ν. Clearly, M ν,2 ν is a well-ordered chain and thus a chain with smallest element having
ν . Now let us consider the bounded modular lattice M ν , which we can organize as a bi-lattice in many ways, all of which satisfy the following considerations, excepting the definition of the involution. To make a choice, we organize it as the infinite horizontal sum of bi-chains M ν = ⊞ i∈I L 3 , where I is a set with |I| = ν; this makes (M ν , · ′ ) a bi-lattice with: 0 ′ = 1, 1 ′ = 0 and
We apply to L ν,2 the construction from [1, Section 3]: let κ be an arbitrary cardinal number with 2 ≤ κ ≤ ν and τ be the smallest ordinal with |τ | = κ. We define a sequence (L ι ) 2≤ι≤τ of i-lattices by induction as follows.
, which is a bi-lattice whenever L µ is an i-lattice. If ι is a limit ordinal, then we let L ι = 2≤µ<ι L µ , which is an i-lattice with ≤ Lι = 2≤µ<ι ≤ Lµ and the involution defined by x ′Lι = x ′Lµ for all ordinals µ with 2 ≤ µ < ι and all x ∈ L µ , whenever (L µ ) 2≤µ<ι is a family of i-lattices with with L λ ⊆ L µ and L λ ∈ S I (L µ ) for all ordinals λ, µ with 2 ≤ λ ≤ µ < ι. The definition above proves that the family (L ι ) 2≤ι≤τ satisfies condition s I , so also condition s ; see the notations in and after Lemma 4.4. Now we prove that |L ι | = ν for all ordinals ι with 2 ≤ ι ≤ τ and that the family (L ι ) 2≤ι≤τ satisfies conditions c and c I , that is, for all ordinals ι with 2
Now let ι be an ordinal with 3 ≤ ι ≤ τ . If ι is a successor ordinal, ι = µ + 1 for a (unique) ordinal µ with 2 ≤ µ < τ and such that |L µ | = ν and 
If ι is a limit ordinal such that, for all ordinals µ with 2 ≤ µ < ι, |L µ | = ν and Con To determine |Filt(L ν,κ+1 )|, we apply the method from [1, Section 3] . Noting that, for all successor ordinals µ with 3 ≤ µ ≤ τ , L µ is a bi-lattice, in particular it has a bottom element 0 µ , let us denote, for all ordinals ι with 2 ≤ ι ≤ τ , by C ι = {0 µ | 2 ≤ µ ≤ ι, µ is a successor ordinal}. Then, for all these ordinals ι, C ι is an ideal of the lattice L ι and a dually well-ordered chain, which thus has Id(C ι ) = PId(C ι ) and hence 
